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1. Introduction
In generalizing regular semigroups, Fountain [8] considered abundant semigroups. A semigroup S
is said to be abundant if each L∗-class and each R∗-class of S contain at least one idempotent, where
L∗ and R∗ are the Green’s star relations on S . By L∗ (R∗) on S , it means that two elements a, b of S
are L∗-(R∗-)related if and only if they are L-(R-)related in some oversemigroup of S , where L (R)
is the usual Green’s relations on S . It can be easily seen that L ⊆ L∗ and R ⊆ R∗ .
An abundant semigroup S is said to be idempotent-connected (for brevity, it is called IC) if for each
element a ∈ S and for some a+ ∈ R∗a(S) ∩ E , a∗ ∈ L∗a(S) ∩ E , there exists a bijection α : 〈a+〉 → 〈a∗〉
such that xa = a(xα) for all x ∈ 〈a+〉. In particular, all regular semigroups are IC abundant.
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semigroups, Fountain [7] introduced the concept of type A semigroups (see [4] and [7]) which are IC
abundant semigroups whose idempotents are commutative.
The structure of type A semigroups was ﬁrst described by Armstrong [2] and by Lawson [14].
By their descriptions, it can be easily seen that the type A semigroups are analogues of inverse
semigroups for abundant semigroups.
On the other hand, El-Qallali and Fountain [5] considered the quasi-adequate semigroups which are
abundant semigroups whose idempotents form a subsemigroup. They called a special quasi-adequate
semigroup a type W semigroup. The structure of type W semigroups given by [5] generalizes the
Hall–Yamada structure theorem for orthodox semigroups. Later on, X.J. Guo [9] has particularly shown
that a semigroup S is type W if and only if S is IC quasi-adequate. Thus a type W semigroup can be
regarded as the analogue of an orthodox semigroup for abundant semigroups.
In our previous paper [22], we have already investigated the structure of L∗-inverse semigroups,
which are IC abundant semigroups whose idempotents form a left regular band. In fact, such an
L∗-inverse semigroup can be regarded as a natural generalization of a left inverse semigroup in
the class of regular semigroups. Thus an L∗-inverse semigroup is a kind of abundant semigroups
lying between the type A semigroups and the type W semigroups. In this paper, we consider Q∗-
inverse semigroups, which are IC abundant semigroups whose set of idempotents forms a regular
band. This class of semigroups not only contains the L∗-inverse semigroups as its special subclass
but also they can be regarded as an analogue of the quasi-inverse semigroups considered by Yamada
in [25] within the class of regular semigroups. Thus, after obtaining the structure of Q∗-inverse semi-
groups, we can establish a corresponding hierarchy between the class of regular semigroups and the
class of abundant semigroups, starting from inverse semigroups, left (right) inverse semigroups (see
[3] and [23]), quasi-inverse semigroups (see [24]) and orthodox semigroups to type A semigroups,
L∗-inverse (R∗-inverse) semigroups, Q∗-inverse semigroups and type W semigroups. In the study
of abundant semigroups, one of the most remarkable problems is that a homomorphic image of a
regular semigroup is regular but this statement is not true for an abundant semigroup. Thus we
have to consider some kinds of “good homomorphisms” and some “good congruence” on a Q∗-inverse
semigroup. Consequently, it can be shown that a Q∗-inverse semigroup can always be expressed by
I 	
ϕ Γ 	
ψ Λ, where I and Λ are a left regular band and a right regular band, respectively, and Γ is
a type A semigroup.
For deﬁnitions and terminologies not mentioned in the paper, the reader is referred to [6,10–13,
16–19].
2. Deﬁnitions and basic results
For the sake of convenience, we ﬁrst cite some necessary deﬁnitions and basic results which will
be needed in the sequel.
Deﬁnition 2.1. An IC abundant semigroup S is said to be a Q∗-inverse semigroup if the set of its
idempotents E forms a regular band, that is, E satisﬁes the identity ef ege = ef ge, for all e, f and g
in E .
For a given result concerning L∗ on a semigroup, there is always a dual result for R∗, and hence
we have no need to mention it speciﬁcally.
The following results describe the properties of the Green’s star relation L∗ on a semigroup S .
Lemma 2.2. (See [1] and [7].) Let a, b be elements of a semigroup S. Then the following statements are equiv-
alent:
(i) a L∗ b.
(ii) For all x, y ∈ S1 , ax = ay if and only if bx = by.
As a consequence of Lemma 2.2(ii) above, we have the following corollary.
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x, y ∈ S1 , ax = ay implies ex = ey.
Obviously, L ⊆ L∗ . On the other hand, if a, b are regular elements of S , then we can observe that
a L∗ b if and only if a L b. This leads to L∗ = L when S is a regular semigroup.
If S is an abundant semigroup and a ∈ S , then we use L∗a (R∗a ) to denote the L∗-(R∗-)class of S
containing a; moreover, we usually denote a typical element of L∗a(S)∩ E by a∗ and a typical element
of R∗a(S) ∩ E by a+ , respectively. For an idempotent e of S , we use ω(e) to denote the subsemigroup
of S generated by the set {x ∈ E(S) | x e} of S .
Lemma 2.4. (See [15].) Let S be an abundant semigroup. Then the following statements are equivalent:
(i) S is IC.
(ii) For each element a ∈ S, the following two conditions hold:
(a) For some a∗ and e ∈ ω(a∗), there exists an idempotent f ∈ ω(a+) such that ae = f a.
(b) For some a+ and h ∈ ω(a+), there exists an idempotent g ∈ ω(a∗) such that ha = ag.
As mentioned above, the homomorphic image of an abundant semigroup is not necessarily abun-
dant. We now consider the following special homomorphism.
Deﬁnition 2.5. (See [4].) A semigroup homomorphism ϕ : S → T is said to be a good homomorphism
if for all a, b in S , a L∗(S) b implies that aϕ L∗(T ) bϕ and a R∗(S) b implies that aϕ R∗(T ) bϕ .
Lemma 2.6. (See [4].) Let S be an abundant semigroup and ϕ : S → T be a semigroup homomorphism. Then
the following statements are equivalent:
(i) The homomorphism ϕ is good.
(ii) For each element a ∈ S, there are idempotents e, f with e ∈ L∗a , f ∈ R∗a such that aϕ L∗(T ) eϕ and
aϕ R∗(T ) f ϕ .
Thus, under good homomorphism, the homomorphic image of an abundant semigroup is still abun-
dant. Consequently we can formulate the following deﬁnition.
Deﬁnition 2.7. (See [4].) A congruence ρ on a semigroup S is called “good” if the natural homomor-
phism ρ	 : S → S/ρ is good. Also, if B is a class of semigroups, then a good congruence ρ on S is
said to be a B good congruence on S if S/ρ ∈ B.
It can be easily observed that a surjective homomorphism is good if and only if its kernel is a good
congruence.
Lemma 2.8. (See [4].) Let ρ be a congruence on an abundant semigroup S. Then the following conditions are
equivalent:
(i) ρ is a good congruence.
(ii) For any a ∈ S, there exist e ∈ L∗a and f ∈ R∗a such that for all x, y ∈ S1
(a) (ax,ay) ∈ ρ implies (ex, ey) ∈ ρ;
(b) (xa, ya) ∈ ρ implies (xf , yf ) ∈ ρ .
The following lemma follows immediately from Theorem 1.10 of [15].
Lemma 2.9. Let S be a Q∗-inverse semigroup. If φ : S → T is a good homomorphism from S onto another
semigroup T . Then T is also a Q∗-inverse semigroup.
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ence.
Proof. Let a ∈ S . Suppose that (ax,ay) ∈ ρ ∩ σ for all x, y ∈ S1. Then, it is clear that (ax,ay) ∈ ρ and
(ax,ay) ∈ σ . Since ρ and σ are good congruences, it follows by Lemma 2.8 that (e1x, e1 y) ∈ ρ and
(e2x, e2 y) ∈ σ for some e1, e2 ∈ L∗a(S) ∩ E . Hence, for e ∈ L∗a ∩ E , we have ee1 = e, ee2 = e and so
(ex, ey) ∈ ρ ∩ σ . Similarly, if (xa, ya) ∈ ρ ∩ σ , then (xf , yf ) ∈ ρ ∩ σ for some f ∈ R∗a(S) ∩ E . Thus by
Lemma 2.8 again, ρ ∩ σ is a good congruence on S . 
We now cite some important properties of type A semigroups which follow directly from [7].
Lemma 2.11. Let S be a type A semigroup with semilattice of idempotents E and a,b ∈ S. Then the following
statements hold:
(i) a L∗ b if and only if a∗ = b∗; a R∗ b if and only if a+ = b+ .
(ii) (ab)∗ = (a∗b)∗ and (ab)+ = (ab+)+ .
We now give a constructive example of a Q∗-inverse semigroup.
Example 2.12. Let
a =
(1 1 0
0 0 0
0 0 0
)
, b =
(1 1 1
0 0 0
0 0 0
)
,
c =
(0 0 0
1 1 0
0 0 0
)
, d =
(0 0 0
1 1 1
0 0 0
)
.
Also, let an = 2na, bn = 2nb, cn = 2nc and dn = 2nd for any n  1. Then, we can easily verify that
the set S1 = {a,b, c,d,an,bn, cn,dn | n 1} under the usual matrix multiplication forms a non-regular
semigroup. Now we construct a semigroup S = {a,b, c,d, e, f , g,h, i, j,u, v,w, x, y, z,an,bn, cn,dn |
n 1} with the following multiplication Cayley table which includes S1 as its subsemigroup.
In Table I, one can easily see that {a,b, c,d, e, f , g,h} is the set of all idempotents of the semigroup
S and T = {a,b, c,d, e, f , g,h, i, j,u, v,w, x, y, z} forms a regular subsemigroup of S . Moreover, it can
be easily checked that E(S) = {a,b, c,d, e, f , g,h} is a regular band, that is, xyxzx = xyzx for any
x, y, z ∈ E(S). Hence, T is indeed a quasi-inverse subsemigroup of S .
By Lemma 2.2 and its dual for R∗ , it can be checked that the L∗-classes of S are the sets
{a, c,an, cp}, {b,d,bm,dq}, {e, g, i,u,w, y} and { f ,h, j, v, x, z} and the R∗-classes of S are the sets
{a,b,an,bm}, {c,d, cp,dq}, {e, f , i, j,w, x} and {g,h,u, v, y, z} for any n,m, p,q  1. Thus, S is an
abundant semigroup since each L∗-class and each R∗-class of S contain an idempotent.
According to Table I, we can observe that 〈x〉 = 〈x, g,h〉 for any x ∈ {a,b, c,d} and 〈x〉 = x for any
x ∈ {e, f , g,h}, where 〈x〉 is used to denote the subsemigroup of S generated by all y ∈ E(S) with
y  x.
As a consequence, we can easily see that S satisﬁes the IC condition as mentioned above, and
hence S is an IC abundant semigroup. Now, by Deﬁnition 2.1, S is a Q∗-inverse semigroup because
E(S) is a regular band. Clearly, the class of quasi-inverse semigroups is a proper subclass of the class
of Q∗-inverse semigroups. Moreover, since E(S) is not a left regular band, S is not an L∗-inverse
semigroup which was studied by the authors in [22]. In fact, an L∗-inverse semigroup is a special
Q∗-inverse semigroup.
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∗ a b c d e f g h i j u v w x y z an bm cp dq
a a b a b g h g h u v u v y z y z an bm ap bq
b a b a b g h g h u v u v y z y z an bm ap bq
c c d c d g h g h u v u v y z y z cn dm cp dq
d c d c d g h g h u v u v y z y z cn dm cp dq
e e e e e e f e f i j i j w x w x e e e e
f f f f f e f e f i j i j w x w x f f f f
g g g g g g h g h u v u v y z y z g g g g
h h h h h g h g h u v u v y z y z h h h h
i i i i i i j i j w x w x e f e f i i i i
j j j j j i j i j w x w x e f e f j j j j
u u u u u u v u v y z y z g h g h u u u u
v v v v v u v u v y z y z g h g h v v v v
w w w w w w x w x e f e f i j i j w w w w
x x x x x w x w x e f e f i j i j x x x x
y y y y y y z y z g h g h u v u v y y y y
z z z z z y z y z g h g h u v u v z z z z
al al bl al bl g h g h u v u v y z y z al+n bl+m al+p bl+q
bk ak bk ak bk g h g h u v u v y z y z ak+n bk+m ak+p bk+q
cr cr dr cr dr g h g h u v u v y z y z cr+n dr+m cr+p dr+q
ds cs ds cs ds g h g h u v u v y z y z cs+n ds+m cs+p ds+q
3. Some good congruences
In this section, we assume that S is a Q∗-inverse semigroup whose set of idempotents E forms
a regular band. We denote the J -class containing the element e ∈ E by E(e). We ﬁrst prove the
following lemma.
Lemma 3.1. If an equivalence relation δ on S is deﬁned by a δ b if and only if b = eaf and a = gbh for some
e ∈ E(a+), f ∈ E(a∗), g ∈ E(b+) and h ∈ E(b∗), then the equivalence relation δ is a congruence on S.
Proof. It has been shown by El-Qallali and Fountain in [5] that δ is an equivalence relation on S . In
order to see that δ is a congruence on S , we let a δ b for a,b ∈ S . Then by deﬁnition, there exist
e ∈ E(a+) and f ∈ E(a∗) such that b = eaf . Hence, for any c ∈ S , we have bc = eaf c = eaa∗ f c+c =
eaa∗ f c+a∗ f c+c = eaa∗ f c+a∗c+ f c+c since c+a∗ f c+ = c+a∗c+ f c+ in E which is a regular band.
Let g = a∗ f c+a∗ and h = c+ f c+ . Then it is clear that g ∈ ω(a∗) and h ∈ ω(c+). Since S is an
IC abundant semigroup, by Lemma 2.4, there exist idempotents g′ , h′ of S such that ag = g′a and
hc = ch′ . Consequently, bc = eaghc = eg′ach′ = eg′(ac)+ac(ac)∗h′ . This leads to eg′(ac)+bc = bc and
bc(ac)∗h′ = bc. Notice that (bc) L∗ (bc)∗ and (bc) R∗ (bc)+ . We obtain by Corollary 2.3 and its dual
that eg′(ac)+(bc)+ = (bc)+ and (bc)∗(ac)∗h′ = (bc)∗ .
Now it follows immediately that
E
(
(bc)+
)
 E
(
eg′(ac)+
)
 E
(
(ac)+
)
and
E
(
(bc)∗
)
 E
(
(ac)∗h′
)
 E
(
(ac)∗
)
.
On the other hand, we also have, by the deﬁnition of δ, that a = e′bf ′ , for some e′ ∈ E(b+) and
f ′ ∈ E(b∗). By using the same arguments as above, we have E((ac)+)  E((bc)+) and E((ac)∗) 
E((bc)∗). This shows that E((ac)+) = E((bc)+) and E((ac)∗) = E((bc)∗). Consequently, we deduce that
E((ac)+) = E(eg′(ac)+) and E((ac)∗) = E((ac)∗h′). Now, it is obvious that eg′(ac)+ ∈ E((ac)+) and
(ac)∗h′ ∈ E((ac)∗). By deﬁnition of δ, it is clear that bc δ ac and that δ is a right congruence on S .
Similarly, we can also prove that δ is a left congruence on S . Thus, the proof is completed. 
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Theorem 3.2. The congruence δ given in Lemma 3.1 is the smallest type A good congruence on S.
Proof. It is clear from Lemma 3.1 that δ is a congruence on the semigroup S . From Proposition 2.6
of [5], it is clear that if δ is a congruence on S , then δ itself must be the smallest adequate good
congruence on S . Since S is a Q∗-inverse semigroup, by Lemma 2.9, it follows that S/δ is an IC
adequate semigroup with commutative idempotents, that is, S/δ is a type A semigroup. This shows
that δ is the smallest type A good congruence on S . 
In the following lemmas, we give some basic properties of a Q∗-inverse semigroup.
Lemma 3.3. Let S be a Q∗-inverse semigroup with E as its band of idempotents. Then the following properties
hold:
L(E) = L∗(E) = L∗(S) ∩ (E × E),
R(E) = R∗(E) = R∗(S) ∩ (E × E).
Proof. The proof is trivial by Lemma 2.2 and Proposition II.4.5 of [12]. 
Lemma 3.4. Let S be a Q∗-inverse semigroup and a ∈ S. Let α : 〈e〉 → 〈 f 〉 be a connecting isomorphism for
some e ∈ R∗a(S) ∩ E and some f ∈ L∗a(S) ∩ E. Then the following statements hold:
(i) For x ∈ 〈e〉, xa L∗(S) xα.
(ii) For y ∈ 〈 f 〉, ay R∗(S) yα−1 .
Proof. We only need to show (i) because (ii) follows similarly from (i). We ﬁrst notice that for any
x ∈ 〈e〉, xa = a(xα). In order to prove xa L∗(S) xα, suppose that (xa)s = (xa)t for any s, t ∈ S1. Then, it
follows immediately that a(xα)s = a(xα)t . Since a L∗(S) f and xα ∈ 〈 f 〉, it follows by Lemma 2.2 that
(xα)s = (xα)t . Conversely, if (xα)s = (xα)t for any s, t ∈ S1 then it is clear that a(xα)s = a(xα)t . But
xa = a(xα) which implies that (xa)s = (xa)t . By using Lemma 2.2, we deduce that xa L∗(S) xα. 
It is known that the maximum good congruence contained in the H∗-relation on a Q∗-inverse
semigroup S has been already obtained in [4] (cf. Theorem 3.5). Our aim here is to describe such
maximum good congruences contained in L∗ and R∗ on a Q∗-inverse semigroup S .
In order to describe the maximum good congruences on S contained in L∗ and R∗ , we need to
ﬁnd a representation of S in a semigroup of mappings. Here, we use T (X) and T ∗(X) to denote the
full transformation semigroup on a set X and its dual semigroup, respectively.
For any a ∈ S , we ﬁrst deﬁne a transformation ρa of E/L by
Lxρa = L(xa)∗ (x ∈ E). (1)
In particular, for any e ∈ E , we have
Lxρe = Lexe (x ∈ E). (2)
The formula (1) is well deﬁned, for if x L(E) y for any x, y ∈ E , then by Lemma 3.3, x L∗(S) y and
so, for any a ∈ S , xa L∗(S) ya since L∗ is a right congruence on S . This implies that (xa)∗ L∗(S) (ya)∗ .
By Lemma 3.3 again, we have L(xa)∗ = L(ya)∗ . This shows that ρa ∈ T (E/L).
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that xab L∗(S) (xa)∗b which implies that L(xab)∗ = L((xa)∗b)∗ . Hence, we immediately have
Lxρaρb = L(xa)∗ρb = L((xa)∗b)∗ = L(xab)∗ = Lxρab.
This shows that ρab = ρaρb and so the mapping ξ : S → T (E/L) by aξ = ρa is a homomorphism.
By using a similar argument, we can obtain a semigroup homomorphism η : S → T ∗(E/R) which
is associated with each a in S such that λa : E/R → E/R by the following rule:
Rxλa = R(ax)+ (x ∈ E). (3)
In particular, for every e ∈ E , we have
Rxλe = Rexe (x ∈ E). (4)
Summarizing the above observations, we have almost proved the following result.
Theorem 3.5. Let S be a Q∗-inverse semigroup with a regular band of idempotents E. Deﬁne relations μl and
μr on S as follows:
(a,b) ∈ μl ⇔ (xa, xb) ∈ L∗ (x ∈ E), (5)
(a,b) ∈ μr ⇔ (ax,bx) ∈ R∗ (x ∈ E). (6)
Then we obtain the following properties of the mappings ξ and η, respectively:
(i) The mapping ξ : a → ρa given by (1) is a semigroup homomorphism from S into T (E/L) such that
ker ξ = μl .
(ii) The mapping η : a → λa given by (3) is a semigroup homomorphism from S into T ∗(E/R) such that
kerη = μr .
Proof. Because (ii) is the dual of (i), it suﬃces to prove (i). In order to show that ker ξ ⊆ μl , we
suppose that ρa = ρb for a,b ∈ S . Then by the formula (1), for any x ∈ E, we have L(xa)∗ = L(xb)∗ and
so (xa, xb) ∈ L∗ , that is, (a,b) ∈ μl . This shows that ker ξ ⊆ μl .
Conversely, if (a,b) ∈ μl then (xa, xb) ∈ L∗ for any idempotent x of E . Hence, by Lemma 3.3, we
deduce that L(xa)∗ = L(xb)∗ and so ρa = ρb , that is, (a,b) ∈ ker ξ . Thus, ker ξ = μl . 
Now, recall that the relation U on the band E is deﬁned by
U = {(e, f ) ∈ E × E ∣∣ 〈e〉  〈 f 〉}
and we now use We, f to denote the set of all isomorphisms from 〈e〉 onto 〈 f 〉. Moreover, if (e, f ) ∈ U
and α ∈ We, f , then αl ∈ PT (E/L) and αr ∈ PT (E/R), which is the semigroup of partial mappings
of a set E/R, are deﬁned by the following formulae:
Lxαl = Lxα, Rxαr = Rxα
(
x ∈ 〈e〉). (7)
It is easy to see that αl , αr are well deﬁned and also (α−1)l = (αl)−1, (α−1)r = (αr)−1 so that we
may write α−1l and α
−1
r .
Let a ∈ S and let e, f be the idempotents in R∗a(S) and L∗a(S), respectively. Let α : 〈e〉 → 〈 f 〉 be a
connecting isomorphism. Then, we will show that ρa = ρeαl , where ρa , ρe and αl are given by (1),
8 X.M. Ren, K.P. Shum / Journal of Algebra 325 (2011) 1–17(2) and (7), which is the product of ρe in T (E/L) and αl in PT (E/L), and results in an element of
T (E/L).
For any x ∈ E , it follows that
Lxρa = L(xa)∗ = L(xea)∗
(
a R∗ e)
= Lxeρa = Lexeρa (xe L exe)
= Lgρa
(
g = exe ∈ 〈e〉)
= L(ga)∗ = Lgα
(
by Lemma 3.4(i)
)
= L(exe)α = Lexeαl
(
by (7)
)
= Lxρeαl
(
by (2)
)
.
Thus ρa = ρeαl . Similarly, we can also deduce that
Rxλa = R(ax)+ = R(af x)+
(
a L∗ f )
= R f xλa = R f xf λa ( f x R f xf )
= Rhλa
(
h = f xf ∈ 〈 f 〉)
= R(ah)+ = Rhα−1
(
by Lemma 3.4(ii)
)
= R( f xf )α−1 = R f xf α−1r
(
by (7)
)
= Rxλ f α−1r
(
by (4)
)
.
Hence, λa = λ f α−1r . It is clear that the images of homomorphisms ξ : a → ρa and η : a → λa are
contained, respectively, in the subset
T1 =
{
ρeαl
∣∣ α ∈ We, f , (e, f ) ∈ U} (8)
of T (E/L) and the subset
T2 =
{
λ f α
−1
r
∣∣ α ∈ We, f , (e, f ) ∈ U} (9)
of T ∗(E/R).
Theorem 3.6. Let S be a Q∗-inverse semigroup with a regular band of idempotents E. Let ξ be the homomor-
phism from S to T (E/L) deﬁned by aξ = ρa and also let η be the homomorphism from S to T ∗(E/R) deﬁned
by aη = λa, where ρa and λa are given by the formulae (1) and (3) above. Then the following conditions hold:
(i) ξ is a good homomorphism whose kernel is the maximum good congruence μl on S contained in L∗ .
(ii) η is a good homomorphism whose kernel is the maximum good congruence μr on S contained in R∗ .
Proof. We only need to prove (i) because (ii) follows dually from (i). In order to see that ξ is a
good homomorphism, we suppose that a ∈ S and e, f ∈ E with e ∈ R∗a(S) and f ∈ L∗a(S). Then by
Lemma 2.6, it suﬃces to show that aξ R∗ eξ and aξ L∗ f ξ .
Since S is IC, there exists a connecting isomorphism α : 〈e〉 → 〈 f 〉 such that xa = a(xα) for any
x ∈ 〈e〉. In the previous discussion, we have already proved that the mapping ρa ∈ T (E/L) given in
(1) may be expressed as ρeαl , where ρeαl is in the subset
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{
ρeαl
∣∣ α ∈ We, f , (e, f ) ∈ U}
of T (E/L). Now, following the proof of Theorem 2.17(i) of [12], we can see immediately that T1
forms a subsemigroup of T (E/L).
We now consider the element ρ f α
−1
l . It is clear that ρ f α
−1
l is in T1. We now proceed to show
that ρeαlρ f α
−1
l = ρe and ρ f α−1l ρeαl = ρ f . For any x ∈ E , we deduce that
Lxρeαlρ f α
−1
l = Lexeαlρ f α−1l
= L(exe)αρ f α−1l
= L(exe)αα−1l
(
(exe)α ∈ 〈 f 〉)
= L(exe)αα−1
= Lexe
= Lxρe.
Hence, ρeαlρ f α
−1
l = ρe . Similarly, we also have ρ f α−1l ρeαl = ρ f . It is easy to verify that ρeαl , ρ f α−1l
are regular elements in T1. In fact, it can be easily veriﬁed that T1 forms a regular subsemigroup of
T (E/L). Using the equality ρeαlρ f α−1l = ρe , we immediately obtain ρe R ρeαl in T1. This implies
that eξ R aξ in T1 since ρe = eξ and ρeαl = ρa = aξ .
By using a similar argument, it can be easily proved that f ξ L aξ in T1. Thus, by Lemmas 2.6
and 2.2, ξ is indeed a good homomorphism.
In view of Proposition 2.1 of [4], we also know that μl is the maximum congruence on S con-
tained in L∗ . These results together with Theorem 3.5 show that the kernel of the mapping ξ is the
maximum good congruence μl on S contained in L∗ . Thus, the proof is completed. 
We further consider the relations ρ1 = δ ∩ μr and ρ2 = δ ∩ μl on S . Since δ, μl and μr are good
congruences on S , by Lemma 2.10, we see that ρ1 and ρ2 are good congruences on S . With these
good congruences, we are now able to establish the following theorem for Q∗-inverse semigroups.
Theorem 3.7. Let S be a Q∗-inverse semigroup and ρ1 , ρ2 be the good congruences given above on S. Then
the following statements hold:
(i) ρ1 is an L∗-inverse semigroup good congruence on S, that is, S/ρ1 is an L∗-inverse semigroup.
(ii) ρ2 is an R∗-inverse semigroup good congruence on S, that is, S/ρ2 is an R∗-inverse semigroup.
Proof. We ﬁrst claim that e ρ1 f if and only if e R f for any e, f ∈ E . In fact, if e ρ1 f , then by
ρ1 = δ ∩ μr ⊆ μr , we can easily show that e μr f . However, by Theorem 3.6, it states that μr is the
maximum good congruence contained in R∗ . Hence, we have e R∗ f and so e R f . Conversely, if
e R f , then it is clear that e = ef e. Now, by the deﬁnition of δ, we have e δ f . By applying e R f
again, we have ef = f and f e = e. Since E is a regular band, it follows that ehf h = f ehf h = f ef hf h =
f ef h = f h and f heh = ef heh = ef eheh = ef eh = eh, for any h ∈ E . This implies that (eh, f h) ∈ R and
so e μr f . In other words, we have proved that (e, f ) ∈ ρ1 = δ ∩μr . Similarly, we can also prove that
e ρ2 f if and only if e L f . Thus, ρ1|E = R and ρ2|E = L.
Now, because ρ1 is a good congruence on S , by Lemma 2.9, S/ρ1 is a Q ∗-inverse semigroup.
Suppose that g,h ∈ E(S/ρ1). Then, by Theorem 1.6 of [15], there exist some idempotents u, v ∈ E(S)
such that uρ1 = g and vρ1 = h. It is clear that uvu R uv in S and so (uvu)ρ1 = (uv)ρ1, that is,
uρ1vρ1uρ1 = uρ1vρ1. This implies that ghg = gh. In other words, we have shown that E(S/ρ1)
is a left regular band. Thus, according to [22], S/ρ1 is an L∗-inverse semigroup. By using similar
arguments, we can also prove that S/ρ2 is an R∗-inverse semigroup. 
10 X.M. Ren, K.P. Shum / Journal of Algebra 325 (2011) 1–17Proposition 3.8. ρ1 ∩ ρ2 = 1S , where 1S is the identity relation on S.
Proof. Let (a,b) ∈ ρ1 ∩ρ2 for some a,b ∈ S . Then, we only need to show that a = b. Clearly, ρ1 ∩ρ2 =
δ ∩μl ∩μr ⊆ δ ∩ L∗ ∩ R∗ = δ ∩ H∗ . This implies that (a,b) ∈ δ and (a,b) ∈ H∗ . By the deﬁnition of δ,
there exist idempotents e ∈ E(a+) and f ∈ E(a∗) such that b = eaf and also b L∗ f , b R∗ e, by
Lemma 2.2 of [5]. Observe that a H∗ b. Then it follows immediately that a+ R∗ e and a∗ L∗ f and
hence, b = eaf = ea+aa∗ f = a+aa∗ = a. This shows that ρ1 ∩ ρ2 = 1S . 
4. Construction ofQ∗-inverse semigroups
In this section, our aim is to show how a Q∗-inverse semigroup can be constructed by using the
product of some semigroups with simpler structure. Recall that a type A semigroup is an IC abundant
semigroup whose set of idempotents forms a semilattice. By making use of the type A semigroups, we
now extend a type A semigroup to a Q∗-inverse semigroup S by using the so-called wreath product
of semigroups. The method of construction is rather complicated and we hence divide the proof by
several steps.
In the construction of the Q∗-inverse semigroup, we need the following ingredients:
(1) Y : a given semilattice.
(2) Γ : a type A semigroup whose set of idempotents is the semilattice Y .
(3) I: a left regular band such that I =⋃α∈Y Iα , where Iα is a left zero band for all α ∈ Y .
(4) Λ: a right regular band such that Λ =⋃α∈Y Λα , where Λα is a right zero band for all α ∈ Y .
We now form the following sets:
I 	
 Γ = {(e,ω) ∣∣ω ∈ Γ, e ∈ Iω+},
Γ 	
 Λ = {(ω, i) ∣∣ω ∈ Γ, i ∈ Λω∗},
and
I 	
 Γ 	
 Λ = {(e,ω, i) ∣∣ω ∈ Γ, e ∈ Iω+ and i ∈ Λω∗}.
Since ω ∈ Γ and Γ is a type A semigroup, there are some idempotents ω+ ∈ R∗ω(Γ ) ∩ E(Γ ) and
ω∗ ∈ L∗ω(Γ ) ∩ E(Γ ). Also since the set of idempotents of Γ forms a semilattice, ω+ and ω∗ are
in Y . This illustrates that the sets I 	
 Γ , Γ 	
 Λ, and I 	
 Γ 	
 Λ are well deﬁned. We only need
to deﬁne an associative multiplication on the set I 	
 Γ 	
 Λ so that the set I 	
 Γ 	
 Λ under the
multiplication turns out to be a semigroup.
Before we can deﬁne a multiplication on I 	
 Γ 	
 Λ, we need to give a description for the struc-
ture homomorphisms.
Deﬁne a mapping ϕ : Γ → End(I) by γ → σγ for γ ∈ Γ and σγ ∈ End(I) satisfying the following
conditions:
(P1) For each γ ∈ Γ and α ∈ Y , we have Iασγ ⊆ I(γ α)+ . In particular, if γ ∈ Y then σγ is an inner
endomorphism on I such that there exists g ∈ Iγ with eσγ = ge, for all e ∈ I , where eσγ denotes
eσγ .
(P2) For α,β ∈ Γ and f ∈ I(αβ)+ , we have σβσαδ f = σαβδ f , where δ f is an inner endomorphism
induced by f on I satisfying hδ f = f h = f hf , for all h ∈ I .
(P3) For e ∈ Iω+ , g ∈ Iτ+ and h ∈ Iξ+ , if ωτ = ωξ and egσω = ehσω , then f gσω∗ = f hσω∗ , for all
f ∈ Iω∗ .
(P4) Assume that for any ω ∈ Γ , η is the connecting isomorphism which maps 〈ω+〉 to 〈ω∗〉 by
α → αη. If (e,ω+) and ( f ,ω∗) ∈ I 	
 Γ , then there is a bijection θ : 〈e〉 → 〈 f 〉 such that
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(ii) For any g ∈ 〈e〉 and α ∈ 〈ω+〉, (g,α) ∈ I 	
 Γ if and only if (gθ,αη) ∈ I 	
 Γ .
Similarly, deﬁne a mapping ψ : Γ → End(Λ) by γ → ργ for γ ∈ Γ and ργ ∈ End(Λ) satisfying the
following conditions:
(P1)′ For each γ ∈ Γ and α ∈ Y , we have Λαργ ⊆ Λ(αγ )∗ . In particular, if γ ∈ Y , then ργ is an
inner endomorphism on Λ such that there exists i ∈ Λγ with jργ = ji for all j ∈ Λ, where jργ
denotes jργ .
(P2)′ For α,β ∈ Γ and i ∈ Λ(αβ)∗ , we have ραρβεi = ραβεi , where εi is an inner endomorphism
induced by i on Λ such that jεi = ji = i ji for any j ∈ Λ.
(P3)′ For i ∈ Λω∗ , j ∈ Λτ ∗ and k ∈ Λξ∗ , if τω = ξω and jρω i = kρω i, then jρω+m = kρω+m for all
m ∈ Λω+ .
(P4)′ Assume that for any ω ∈ Γ , η is the connecting isomorphism which maps 〈ω+〉 to 〈ω∗〉 by
α → αη. If (ω+, j) and (ω∗, i) ∈ Γ 	
 Λ, then there is a bijection θ ′ : 〈i〉 → 〈 j〉 such that the
following conditions hold:
(i) jθ ′ = i, kρω i = iραη (kθ ′), for any k ∈ 〈 j〉 and α ∈ 〈ω+〉;
(ii) For any k ∈ 〈i〉 and α ∈ 〈ω+〉, (α,k) ∈ Γ 	
 Λ if and only if (αη,kθ ′) ∈ Γ 	
 Λ.
After gluing up the above components I , Γ and Λ together with the mappings ϕ and ψ , we now
deﬁne a multiplication on the set I 	
 Γ 	
 Λ by
(e,ω, i) ∗ ( f , τ , j) = (ef σω ,ωτ , iρτ j), (10)
for any (e,ω, i), ( f , τ , j) ∈ I 	
 Γ 	
 Λ, where f σω = f σω and iρτ = iρτ .
Using the properties (P1), (P2), (P1)′ and (P2)′ , we can easily verify that the above multiplication
“∗” on I 	
 Γ 	
 Λ is associative and we omit the details since the veriﬁcations are routine. We now
call the above constructed semigroup the wreath product of I , Γ and Λ with respect to ϕ and ψ ,
and denote it by Q = I 	
ϕ Γ 	
ψ Λ.
It remains to verify that the above constructed semigroup Q is indeed a Q∗-inverse semigroup.
We divide the proof into the following parts:
Part A. We ﬁrst show that Q is an abundant semigroup.
Proof. (i) Firstly, we have to locate the set of idempotents E(Q ) in the semigroup Q . For this purpose,
let a = (e,α, i) ∈ Q = I 	
ϕ Γ 	
ψ Λ, where e ∈ I , α ∈ Γ and i ∈ Λ. Assume that a2 = a. Then, a2 =
(e,α, i) ∗ (e,α, i) = (eeσα ,α2, iρα i) = a. This leads to α2 = α. Conversely, if α is an idempotent of Γ
and a = (e,α, i) ∈ Q , then by (P1), (P1)′ and Lemma 2.11, we have a2 = (eeσα ,α, iρα i) = a. Therefore,
it can be easily seen that E(Q ) can be identiﬁed by the set {(e,α, i) | α ∈ Y , e ∈ Iα and i ∈ Λα}.
(ii) We next proceed to show that the wreath product Q is an abundant semigroup. Suppose that
a = (e,ω, i) is an element of Q . Then, because Γ is a type A semigroup, we can take a+ = (e,ω+, j)
and a∗ = ( f ,ω∗, i) in E(Q ), where ω+ ∈ R∗ω(Γ ) ∩ E(Γ ) and ω∗ ∈ L∗ω(Γ ) ∩ E(Γ ) for ω ∈ Γ . The only
thing we still need to verify is that a R∗ a+ and a L∗ a∗ in Q .
Note that e ∈ Iω+ and f ∈ Iω∗ . Then, by (P1), f σω ⊆ Iω∗σω ⊆ I(ωω∗)+ = Iω+ and hence ef σω = e
since Iω+ is a left zero band. Similarly, by (P1)
′ , we also have iρω∗ i = i. Consequently, we deduce that
a ∗ a∗ = (e,ω, i) ∗ ( f ,ω∗, i) = (ef σω ,ωω∗, iρω∗ i) = (e,ω, i) = a. If we suppose that a ∗ q1 = a ∗ q2, for
q1 = (u, β,m) and q2 = (v, γ ,n) in Q 1, then, by the deﬁned multiplication on Q , we obtain(
euσω ,ωβ, iρβm
)= (evσω ,ωγ , iργ n).
This leads to euσω = evσω , iρβm = iργ n and ωβ = ωγ . However, since e ∈ Iω+ , u ∈ Iβ+ and v ∈ Iγ + ,
by (P3), we also have f uσω∗ = f vσω∗ for f ∈ Iω∗ . However, since ω L∗(Γ ) ω∗ , we have ω∗β = ω∗γ .
Hence, we deduce that
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(
f ,ω∗, i
) ∗ (u, β,m)
= ( f uσω∗ ,ω∗β, iρβm)
= ( f vσω∗ ,ω∗γ , iργ n)
= ( f ,ω∗, i) ∗ (v, γ ,n)
= a∗ ∗ q2.
Thus, by Corollary 2.3, a L∗ a∗ in Q . By using the same arguments, we can also prove that a R∗ a+
in Q . This shows that Q is an abundant semigroup. 
Part B. We now show that the set of idempotents E(Q ) of Q forms a regular band.
Proof. Let Q be the wreath product of the semigroups I , Γ and Λ with respect to the mappings
ϕ and ψ . It is clear that Γ is a type A semigroup whose set of idempotents forms a semilattice Y ,
I =⋃α∈Y Iα is a left regular band and Λ =⋃α∈Y Λα is a right regular band, where each Iα is a left
zero band and each Λα is a right zero band, for any α ∈ Y .
Let B = {(e, i) ∈ I × Λ | e ∈ Iα, i ∈ Λα, α ∈ Y } be the spined product of I and Λ with respect to
the semilattice Y . Then, by Proposition V.1.3 in [20], B is a regular band. Now, let E(Q ) be the set of
idempotents in Q . We only need to show that E(Q ) is isomorphic to B . For this purpose, we deﬁne
θ : E(Q ) → B by (e,α, i)θ = (e, i) for any (e,α, i) ∈ E(Q ). Clearly, θ is a bijection. By applying the
properties (P1) and (P1)′ of ϕ and ψ , we have[
(e,α, i) ∗ (u, β, j)]θ = (euσα ,αβ, iρβ j)θ
= (eu,αβ, i j)θ
= (eu, i j)
= (e,α, i)θ(u, β, j)θ.
This shows that θ is an isomorphism and hence, E(Q ) must be a regular band. 
Part C. It remains to show that Q is an idempotent-connected semigroup.
Proof. (1) Suppose that a = (e,α, i) and b = ( f , β, j) are two idempotents of Q such that a  b.
We ﬁrst claim that a  b if and only if e  f , α  β and i  j. We only prove the necessary part
since the suﬃcient part is easy to see. Suppose that a  b in Q . Then a ∗ b = b ∗ a = a. But a ∗
b = (ef σα ,αβ, iρβ j) and b ∗ a = ( f eσβ , βα, jρα i). It follows that f eσβ = ef σα = e,αβ = βα = α and
jρα i = iρβ j = i. Because σβ and σα are inner endomorphisms on I , by (P1), we have f e = ef = e.
This shows that e  f . Similarly, we also have i  j. It is now clear that α  β and our claim is hence
established.
(2) In order to see that Q is IC, we let a = (e,ω, i) ∈ Q . Then, by the proof of Part A, Q is an
abundant semigroup and there exist idempotents a+ = (e,ω+, j) and a∗ = ( f ,ω∗, i) in E(Q ) such
that a L∗ a∗ and a R∗ a+ , where ω+ ∈ R∗ω(Γ ) ∩ E(Γ ) and ω∗ ∈ L∗ω(Γ ) ∩ E(Γ ). Suppose that x =
(u, β,k) ∈ 〈a+〉. Now observe that 〈a+〉 is generated by all idempotents x ∈ Q with x a+ . Then, by
our claim (1) above, for any x = (u, β,k) ∈ 〈a+〉, we have u  e, β ω+ and k i, that is, u ∈ 〈e〉, β ∈
〈ω+〉 and k ∈ 〈 j〉. However, since the type A semigroup Γ is IC, and whence there exists a connecting
isomorphism φ : 〈ω+〉 → 〈ω∗〉 such that βω = ω(βφ) for β ∈ 〈ω+〉. Observe that (e,ω+), ( f ,ω∗) ∈
I 	
 Γ . Then, by (P4)(i), there exists a bijection θ : 〈e〉 → 〈 f 〉 satisfying eθ = f and ueσβ = e(uθ)σω for
any u ∈ 〈e〉 and β ∈ 〈ω+〉. Moreover, since x = (u, β,k) ∈ 〈a+〉 ⊆ Q , it is clear that (u, β) ∈ I 	
 Γ . By
using (P4)(ii), we immediately have (uθ,βφ) ∈ I 	
 Γ . Similarly, it follows by (P4)′(i) that for (ω+, j)
and (ω∗, i) ∈ Γ 	
 Λ, there exists a bijection θ ′ : 〈 j〉 → 〈i〉 such that jθ ′ = i and kρω i = iρβφ (kθ ′) for
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 Λ, β ∈ 〈ω+〉 and k ∈ 〈 j〉. Then, by (P4)′(ii), we also
have (βφ,kθ ′) ∈ Γ 	
 Λ.
Now, we deﬁne a mapping α : 〈a+〉 → 〈a∗〉 on Q by xα = (u, β,k)α = (uθ,βφ,kθ ′) for any
x ∈ 〈a+〉. Then, it is clear that the mapping is well deﬁned and α is a bijection. Thus, by (10), x ∗ a =
(u, β,k) ∗ (e,ω, i) = (ueσβ , βω,kρω i). On the other hand, we have a ∗ (xα) = (e,ω, i) ∗ (uθ,βφ,kθ ′) =
(e(uθ)σω ,ω(βφ), iρβφ (kθ ′)). By the previous discussion, we have already known that ueσβ = e(uθ)σω ,
kρω i = iρβφ (kθ ′) and βω = ω(βφ). Hence, we have x ∗ a = a ∗ (xα) in Q and consequently, the semi-
group Q is an idempotent-connected semigroup. Thus, the proof is completed. 
By summing up Parts A, B, C and Deﬁnition 2.1 above, we establish the following theorem.
Theorem 4.1. The wreath product I 	
ϕ Γ 	
ψ Λ of a left regular band I , a type A semigroup Γ and a right
regular band Λ with respect to the mappings ϕ and ψ forms a Q∗-inverse semigroup.
In the following, we prove the converse of Theorem 4.1.
Suppose that S is a Q∗-inverse semigroup. Then by Theorem 3.2 there is the smallest type A good
congruence δ on S such that Γ = S/δ is the greatest homomorphic image of S which is a type A
semigroup. In this case, for any x ∈ S , we use x¯ to mean that xδ in Γ = S/δ.
Let Y be the semilattice of idempotents of Γ . Let δ	 : S → Γ = S/δ be the natural homomorphism
so that for every γ ∈ Γ , γ (δ	)−1 = Sγ ⊆ S and E(S) =⋃α∈Y Eα . Then, by Theorem IV.3.1 of [12] and
the deﬁnition of δ, we can see that E(S) is a semilattice Y of rectangular bands Eα .
With the above information, we are now able to formulate the following lemma.
Lemma 4.2. Let S be a Q∗-inverse semigroup. Then the following statements hold on S.
(i) There exists a type A semigroup Γ such that E(Γ ) forms a semilattice Y .
(ii) There exists a left regular band E˜ =⋃α∈Y E˜α and a right regular band Ê =⋃α∈Y Êα .
(iii) There exist two structure mappings ϕ : Γ → End(˜E) deﬁned by γϕ = σγ and ψ : Γ → End(̂E) deﬁned
by γψ = ργ such that ϕ satisfy the conditions (P1)–(P4) and (P1)′–(P4)′ in the wreath product, re-
spectively.
Proof. (i) This part follows directly from Theorem 3.2.
(ii) Since δ given by Lemma 3.1 is a good congruence on S , by Theorem 3.7, ρ1 and ρ2 are good
congruences on S contained in δ such that S/ρ1 is an L∗-inverse semigroup and S/ρ2 is an R∗-
inverse semigroup. Now, for any x ∈ S , we denote the ρ1-class and the ρ2-class of S containing the
element x by x˜ and xˆ, respectively. Also, for X ⊆ S , we write X˜ = {x˜: x ∈ X} and X̂ = {xˆ: x ∈ X}. Since
we have mentioned above that S =⋃γ∈Γ Sγ and E =⋃α∈Y Eα , we can write S/ρ1 =⋃γ∈Γ S˜γ and
E˜ =⋃α∈Y E˜α , which is a semilattice decomposition of the set of idempotents of S/ρ1. Furthermore,
since S is a Q∗-inverse semigroup, by using the proof of Theorem 3.7, we have that for every e, f ∈ E ,
e ρ1 f if and only if e R f in S . This implies that E˜α becomes a left zero band for every α ∈ Y .
Consequently, the band E˜ of all idempotents of S/ρ1 is a left regular band. Dually, we can also show
that the band Ê of all idempotents of S/ρ2 is a right regular band. Thus, (ii) is proved.
(iii) Since ρ1 = δ ∩ μr ⊆ δ, we have Γ = S/δ  (S/ρ1)/(δ/ρ1). Now we identify (S/ρ1)/(δ/ρ1)
with Γ . Thus, by adopting the arguments given in [22], we can deﬁne a mapping ϕ : Γ → End(˜E)
such that the conditions (P1)–(P4) are all satisﬁed by ϕ . Also, since S is a Q∗-inverse semigroup,
for each x ∈ S , there are the ρ1-class and the δ-class containing x, denoted by x˜ ∈ S/ρ1 and x¯ ∈ Γ ,
respectively. Now, we deﬁne a mapping ξ : S/ρ1 → E˜ 	
ϕ Γ by x˜ξ = (x˜+, x¯). It has already been shown
in Theorem 4.1 of [22] that ξ is an isomorphism which maps the L∗-inverse semigroup S/ρ1 onto
the left wreath product E˜ 	
ϕ Γ of a left regular band E˜ and a type A semigroup Γ .
Similarly, for ρ2 = δ ∩ μl ⊆ δ, we have a mapping ψ : Γ → End(̂E) such that the conditions (P1)′–
(P4)′ are satisﬁed by ψ . Also, for x ∈ S , we let x¯ and x̂∗ be the corresponding elements of x in Γ
and Ê of S/ρ2, respectively. Then, we deﬁne a mapping η : S/ρ2 → Γ 	
ψ Ê by xˆη = (x¯, x̂∗) for x ∈ S .
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inverse semigroup S/ρ2 onto the right wreath product Γ 	
ψ Ê of a type A semigroup Γ and a right
regular band Ê . This proves (iii) holds. 
Finally, we prove the following lemma.
Lemma 4.3. Let S be a Q∗-inverse semigroup with the notation mentioned above. Then S  E˜ 	
ϕ Γ 	
ψ Ê .
Proof. By virtue of Lemma 4.2, we know that if S is a Q∗-inverse semigroup then S/δ = Γ is a
type A semigroup, also the band E˜ of idempotents of S/ρ1 forms a left regular band and the band
Ê of idempotents of S/ρ2 also forms a right regular band. Since ϕ and ψ satisfy respectively the
conditions (P1)–(P4) and (P1)′–(P4)′ , by Theorem 4.1, we can see that E˜ 	
ϕ Γ 	
ψ Ê is a Q∗-
inverse semigroup. It remains to show that S  E˜ 	
ϕ Γ 	
ψ Ê . For this purpose, we deﬁne a mapping
τ : S → E˜ 	
ϕ Γ 	
ψ Ê by xτ = (x˜+, x¯, x̂∗) for any x ∈ S , where x˜+ , x¯ and x̂∗ are the corresponding
elements of x+ , x and x∗ in E˜ , Γ and Ê , respectively as mentioned in Lemma 4.2.
Since the mapping ξ : S/ρ1 → E˜ 	
ϕ Γ in Lemma 4.2 is an isomorphism, we have (x˜y)ξ = x˜ξ y˜ξ so
that (˜(xy)+, xy) = (x˜+, x¯)( y˜+, y¯). Similarly, since η is also an isomorphism, we have (̂xy)η = xˆη yˆη so
that (xy,̂(xy)∗) = (x¯, x̂∗)( y¯, ŷ∗). Consequently, we can derive the following equalities:
(xy)τ = (˜(xy)+, xy,̂(xy)∗)
= (x˜+, x¯, x̂∗)( y˜+, y¯, ŷ∗)
= xτ yτ .
This shows that τ is indeed a homomorphism.
To see τ is injective, we let xτ = yτ for any x, y ∈ S . Then, we immediately have (x˜+, x¯, x̂∗) =
( y˜+, y¯, ŷ∗) which gives x δ y, x˜+ = y˜+ and x̂∗ = ŷ∗ . By using the arguments in Theorem 3.7(i), we
deduce that x+ ρ1 y+ if and only if x+ R y+ in S , and consequently, we infer that x+ R y+ in S ,
that is, x+ y+ = y+ and y+x+ = x+ . Similarly, we also obtain x∗ y∗ = x∗ , y∗x∗ = y∗ . Now, by the
deﬁnition of δ on S , there exist some idempotents e ∈ E(y+) and f ∈ E(y∗) such that x = eyf . Hence,
we derive that x = x+xx∗ = x+eyf x∗ = x+ey+ yy∗ f x∗ = y+x+ey+ yy∗ f x∗ y∗ = y+ yy∗ = y. This shows
that τ is an injective homomorphism. To see that τ is surjective, we just pick any (e˜, γ , fˆ ) ∈ E˜ 	
ϕ
Γ 	
ψ Ê . Then, we have e˜ ∈ E˜γ + , fˆ ∈ Êγ ∗ and also there is an element x ∈ S such that x¯ = xδ =
γ ∈ Γ . Furthermore, since ρ1 and ρ2 are good congruences on S , by Theorem 1.6 of [15], there are
idempotents e, f of S with e ∈ Eγ + and f ∈ Eγ ∗ for some idempotents γ + and γ ∗ in the semilattice
Y of Γ satisfying eξ = e˜ and f η = fˆ . Since x+ R∗(S) x L∗(S) x∗ and δ is a good congruence on S ,
we deduce that x+ R∗ x¯ L∗ x∗ in Γ and thereby, x+ = (x¯)+ and x∗ = (x¯)∗ because Γ is a type A
semigroup. Thus, e ∈ Eγ + = Ex+ and f ∈ Eγ ∗ = Ex∗ , that is, e ∈ E(x+) and f ∈ E(x∗). If we let a = exf ,
then by the deﬁnition of δ, we have a δ x, and consequently, a¯ = x¯ = γ . By Lemma 2.2 in [5], we
obtain a L∗(S) f and a R∗(S) e which implies a∗ L∗ f and a+ R∗ e. Observe that ρ1 is a good
congruence on S . We have a˜+ R∗(S/ρ1) e˜ and so a˜+ = e˜, because S/ρ1 is an L∗-inverse semigroup
and every R∗-class of S/ρ1 contains a unique idempotent. By using similar arguments, we also have
â∗ = fˆ . This shows that aτ = (e˜, γ , fˆ ) ∈ E˜ 	
ϕ Γ 	
ψ Ê and so τ is a surjective homomorphism. Hence,
S is isomorphic to E˜ 	
ϕ Γ 	
ψ Ê . 
In conclusion, we obtain a theorem for Q∗-inverse semigroups.
Theorem 4.4. The wreath product I 	
ϕ Γ 	
ψ Λ of a left regular band I , a type A semigroup Γ and a right
regular bandΛwith respect to themappings ϕ andψ is aQ∗-inverse semigroup. Conversely, everyQ∗-inverse
semigroup S can be expressed by a wreath product of I 	
ϕ Γ 	
ψ Λ.
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Recall from [12] that if S1 and S2 are semigroups having a common homomorphic image H , and
if θ1 : S1 → H and θ2 : S2 → H are homomorphisms onto H , then a spined product of S1 and S2 with
respect to H , θ1 and θ2 is deﬁned by S = {(s1, s2) ∈ S1 × S2 | s1θ1 = s2θ2}. In particular, we denote the
spined product S of S1 and S2 with respect to H , θ1 and θ2 by S1×H S2.
In this section, we concentrate on the spined product of an L∗-inverse semigroup and an R∗-
inverse semigroup.
We ﬁrst let Γ be a type A semigroup whose set of idempotents forms a semilattice Y . Let I be
a left regular band which is expressed by I =⋃α∈Y Iα , where Iα is a left zero band. Similarly, let Λ
be a right regular band which is expressed by Λ =⋃α∈Y Λα , where Λα is a right zero band. Then
we deﬁne a mapping ϕ : Γ → End(I) by γϕ = σγ which satisﬁes the conditions (P1)–(P4) given in
Section 4. Similarly, we also deﬁne a mapping ψ : Γ → End(Λ) given by γψ = ργ which satisﬁes the
conditions (P1)′–(P4)′ given in Section 4.
Now, equipped with the above notations, we can establish a structure theorem for the Q∗-inverse
semigroups by using the spined product of semigroups.
Theorem 5.1. A semigroup S is a Q∗-inverse semigroup if and only if S is a spined product of an L∗-inverse
semigroup S1 = I 	
ϕ Γ and an R∗-inverse semigroup S2 = Γ 	
ψ Λ with respect to a type A semigroup Γ .
Proof. Necessity. Let S be a Q∗-inverse semigroup. Then, by Lemma 4.3, S can be expressed by a
wreath product I 	
ϕ Γ 	
ψ Λ, where Γ is a type A semigroup, I is a left regular band and Λ is
a right regular band. Let S1 = I 	
ϕ Γ , S2 = Γ 	
ψ Λ. According to [21] and the mappings ϕ given
in Section 4, it follows immediately that S1 = I 	
ϕ Γ is an L∗-inverse semigroup. Similarly, S2 =
Γ 	
ψ Λ is an R∗-inverse semigroup. Now, consider a mapping θ1 : S1 → Γ given by (e,ω) → ω for
any (e,ω) ∈ S1 and θ2 : S2 → Γ given by (ω, i) → ω, for any (ω, i) ∈ S2. Then, it can be easily seen
that θ1 and θ2 are homomorphisms of S1 and S2 onto Γ . Thus, S1×Γ S2 = {(s1, s2) ∈ S1 × S2 | s1θ1 =
s2θ2} is a spined product of S1 and S2 with respect to Γ , θ1 and θ2.
We deﬁne here a mapping η : S = I 	
ϕ Γ 	
ψ Λ → S1×Γ S2 given by (e,ω, i) → ((e,ω), (ω, i)).
Then, by the properties of ϕ and ψ , it is routine to verify that η is an isomorphism. We omit the
details.
Suﬃciency. For the converse part, we assume that S is a spined product of an L∗-inverse semi-
group S1 = I 	
ϕ Γ and an R∗-inverse semigroup S2 = Γ 	
ψ Λ with respect to a type A semi-
group Γ , where the mappings ϕ and ψ are given in Section 4. It is easy to see that S = S1×Γ S2 =
{((e,ω), (ω, i)) | (e,ω) ∈ I 	
ϕ Γ and (ω, i) ∈ Γ 	
ψ Λ}. Now we consider the set I 	
 Γ 	
 Λ under
the multiplication given by (10). It is evident that a mapping η : I 	
ϕ Γ 	
ψ Λ → S = S1×Γ S2 given
by (e,ω, i) → ((e,ω), (ω, i)) is an isomorphism and so I 	
ϕ Γ 	
ψ Λ  S = S1×Γ S2. By Theorem 4.1,
S is a Q ∗-inverse semigroup. Hence, the proof is completed. 
6. Special cases
The class of Q∗-inverse semigroups contains several interesting classes of semigroups as its special
subclasses. In this section, we discuss some of these special subclasses of semigroups.
(I) L∗-inverse semigroups and R∗-inverse semigroups. By Lemma 4.3, a Q∗-inverse semigroup
S can be expressed as a wreath product I 	
ϕ Γ 	
ψ Λ of I , Γ and Λ with respect to the map-
pings ϕ and ψ , where Γ is a type A semigroup, I and Λ are respectively a left regular band and
a right regular band, the mappings ϕ and ψ are given in Section 4. If Λ = ∅, then S = I 	
ϕ Γ . By
Theorem 4.1 of [22], it is known that S is an L∗-inverse semigroup, which is a special Q ∗-inverse
semigroup. Similarly, if we let I = ∅, then Γ 	
ψ Λ becomes an R∗-inverse semigroup. Thus, the class
of L∗-inverse semigroups and the class of R∗-inverse semigroups are two special subclasses of the
class of Q∗-inverse semigroups.
(II) Quasi-inverse semigroups. Recall that a quasi-inverse semigroup is a regular semigroup whose
set of idempotents forms a regular band. It is clear that a quasi-inverse semigroup is a special Q∗-
inverse semigroup because a regular semigroup is always IC abundant.
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if and only if b = eaf for some e ∈ E(aa′) and f ∈ E(a′a), where a′ is an inverse element of a. It
can be immediately seen from [12] that δ is the smallest inverse semigroup congruence on S and
so Γ = S/δ is the greatest inverse semigroup homomorphism image of S . Obviously, the inverse
semigroup Γ = S/δ must be a type A semigroup whose set of idempotents forms a semilattice. As a
result, a wreath product I 	
ϕ Γ 	
ψ Λ of S , regarded as a Q ∗-inverse semigroup, can be simpliﬁed
by using the so-called half-direct product (in brevity, H.D.-product) of a quasi-inverse semigroup as
described by Yamada in [25] as follows:
Let Γ be an inverse semigroup whose set of idempotents is a semilattice and let Y be the semilat-
tice. Let I =⋃α∈Y Iα be a left regular band and Λ =⋃α∈Y Λα a right regular band. Deﬁne a mapping
ϕ′ : Γ → End(I) by γϕ = σγ and also a mapping ψ ′ : Γ → End(Λ) by γψ = ργ such that ϕ′ satis-
ﬁes the conditions (P1)–(P2) and ψ ′ satisﬁes the conditions (P1)′–(P2)′ in Section 4, respectively.
Moreover, since Γ is an inverse semigroup, the elements γ + and γ ∗ in the conditions (P1)–(P2) and
(P1)′–(P2)′ may be expressed as γ γ −1 and γ −1γ for every γ ∈ Γ .
Again, since Γ is an inverse semigroup, we can form the set S = I ×ϕ′ Γ ×ψ ′ Λ = {(e,ω, i) | ω ∈
Γ, e ∈ Iωω−1 and i ∈ Λω−1ω} under a multiplication deﬁned by (e,ω, i) ∗ ( f , τ , j) = (ef σω ,ωτ , iρτ j).
Then, one can easily verify that I ×ϕ′ Γ ×ψ ′ Λ is a semigroup. Therefore, we call this constructed
semigroup the H.D.-product of I , Γ and Λ with respect to ϕ′ and ψ ′ .
Equipped with the above concept of H.D.-product together with Theorem 4.4, we immediately
reobtain the following structure theorem of quasi-inverse semigroups given by Yamada in [25], as a
corollary of our Theorem 4.4.
Theorem 6.1. (See [25].) Let S be a quasi-inverse semigroup whose set of idempotents forms a regular band E.
Let δ be the smallest inverse congruence on S such that Γ = S/δ is the greatest inverse semigroup induced by
δ and let Y be the semilattice of Γ . Deﬁne the congruences η1 , η2 on E by e η1 f if and only if e R f ; e η2 f
if and only if e L f , respectively.
For X ⊆ E, write X˜ = {e˜ | e ∈ X} and X̂ = {eˆ | e ∈ X}, where e˜ and eˆ are the η1-class and the η2-class
containing e ∈ X, respectively. Then the following statements hold:
(i) E/η1 = E˜ is a left regular band such that E˜ =⋃α∈Y E˜α , where every E˜α is a left zero band; E/η2 = Ê is
a right regular band such that Ê =⋃α∈Y Êα , where each Êα is a right zero band, for every α ∈ Y .
(ii) S is isomorphic to an H.D.-product of E˜ , Γ and Ê with respect to the mappings ϕ′ and ψ ′ , respectively.
Conversely, any H.D.-product of a left regular band I =⋃α∈Y Λα , an inverse semigroup Γ and a right
regular bandΛ =⋃α∈Y Λα with respect to themappingsϕ′ andψ ′ is a quasi-inverse semigroup S, where
Γ is the greatest inverse semigroup homomorphic image of S and Y is the semilattice of idempotents of Γ .
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